AN OPERATOR APPROACH TO THE RATIONAL SOLUTIONS OF THE 
CLASSICAL YANG-BAXTER EQUATION 



QIANG ZHANG AND CHENGMING BAI * 

Abstract. Motivated by the study of the operator forms of the constant classical Yang-Baxter 
equation given by Semonov-Tian-Shansky, Kupershmidt and the others, we try to construct the 
rational solutions of the classical Yang-Baxter equation with parameters by certain linear oper- 
, ators. The fact that the rational solutions of the CYBE for the simple complex Lie algebras can 

be interpreted in term of certain linear operators motivates us to give the notion of O-operators 
' such that these linear operators are the O-operators associated to the adjoint representations. 

D , Such a study can be generalized to the Lie algebras with nondegenerate symmetric invariant 

Ph ' bilinear forms. Furthermore we give a construction of a rational solution of the CYBE from an 

O-operator associated to the coadjoint representation and an arbitrary representation with a 
trivial product in the representation space respectively. 
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^ ■ 1. Introduction 

The classical Yang-Baxter equation (CYBE) first arose in the study of the inverse scattering 
theory (see [T], [2]) and has played an important role in the study of the classical integrablc 
systems ([3], [3], [S], [BJ, [7], [SJ, [S], etc.). There are some close relations between it and many 
branches of mathematical physics and pure mathematics, like symplectic geometry, quantum 

(N ■ 

groups, quantum field theory and so on (see |1L)| and the references therein). 
■ The classical Yang-Baxter equation with spectral parameters is given as 

o ' 

[[r,r]] = [r 12 (u 1 ,u 2 ),r 13 (u 1 ,us)] + [ri 2 (ui, it 2 ), r 23 (u 2 , u 3 )} + [?T 3 (ui, u 3 ), r 23 (u 2 , u 3 )] = 0, (1.1) 

where r is a function r : F ® F — >cj(g>0 with q being a Lie algebra over a field F and the notations 
Tij are given as follows. For any r = ^ a>i ® bi € q (g> g, set 

i 

r\ 2 = a i ® <S) 1, ri3 = y^Qj ® 1 ® h, r 23 = ^ 1 ® a, ® bi, (1.2) 

i i i 

and the commutation relations in (1.1) are given in the universal enveloping algebra U(g) of the 
Lie algebra q. 

Most of the study on the classical Yang-Baxter equation (1.1) is concentrated on the following 
cases ([llj. [12], [13], [14j . etc.): q is taken as a finite-dimensional simple Lie algebra over the 
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complex number field C and r is nondegenerate which depends on a single parameter. That is, 
r satisfies 

r(m,n 2 ) = r(m - u 2 ), (1.3) 
and there is no proper subalgebra f) of such that r(u) G f) <g> f). 

According to Belavin and Drinfeld (|ll|.|12j). the nondegenerate solutions of the classical 
Yang-Baxter equation (1.1) depending on a single parameter for the simple complex Lie algebras 
are divided into three cases: trigonometric, elliptic and rational. In this paper, we pay our main 
attention to the rational solutions r with exactly one pole. In fact, a general form of a rational 
solution r of the CYBE can be written as ([T[],[l2], p3], [H],[l5],[l6]) 

r(ui,u 2 ) = hr (ui,u 2 ), (1.4) 

U\ - u 2 

where t is the Casimir element of and ro is a polynomial in q[u\] (g) 0(1*2] ■ However, it is not 
easy to get an explicit expression of ro from the equation (1.4). Moreover, it is also difficult to 
extend the study from the simple complex Lie algebras to the other Lie algebras. 

On the other hand, for any r G ® 0, r can be expressed by a matrix under a basis. So it 
is natural to consider the conditions satisfied by the linear maps corresponding to the matrices 
(classical r-matrices) satisfying the CYBE. For the constant solutions of the CYBE, Semonov- 
Tian-Shansky ([5J) first gave an operator form of the CYBE as a linear map R : — > q satisfying 

[R(x),R(y)] = R([R(x), y] + [x, R(y)}), Vx, y G g. (1.5) 

It is equivalent to the tensor form of the CYBE when the following two conditions are satisfied: 
(a) there exists a nondegenerate symmetric invariant bilinear form on and (b) r is skew- 
symmetric. Note that equation (1.5) is exactly the Rota-Baxter relation of weight-zero in the 
version of Lie algebras (|17j. |18j . |19j). whereas the Rota-Baxter relations were introduced to 
generalizes the integration-by-parts formula ([20 j ,[21 ,[22j) and then (the versions of associative 
algebras) play important roles in many fields in mathematics and mathematical physics (cf. |23j 
and the references therein). 

Furthermore, Kupershmidt ([24]) replaced the above condition (a) by letting r be a linear 
map from 0* to and when r is skew-symmetric, the tensor form of the CYBE is equivalent to 
such a linear map r satisfying 

[r(a*),r(b*)] = r(&d*r(a*)(b*) - ad* r(b*) (a*)), Va*,6* G 0*, (1.6) 

where 0* is the dual space of and ad* is the dual representation of the adjoint representation 
(coadjoint representation) of the Lie algebra 0. Moreover, Kupershmidt generalized the above 
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ad* to be an arbitrary representation p : g — > gl{V) of g, that is, a linear map T : V — > g 
satisfying 

[T(u),r(«)] = r(p(T(«))« - p(T(v))u),Vu,v e V, (1.7) 

which was regarded as a natural generalization of the CYBE. Such an operator T is called an 
O-operator associated to p by Kupershmidt (|24j). It was also mentioned in |25j . Moreover, 
such an O-operator indeed gives a constant solution of the CYBE in a larger Lie algebra (|26j). 

Then it is natural to consider how to extend such an idea to study the rational solutions of 
the CYBE (1.1), which is the main aim in our paper. We would like to point out that this 
study is not a simple generalization since it is quite different with the study of the constant 
solutions (see the discussion in Section 5), although the idea is quite similar to the study in 
|26j . On the other hand, Xu also considered to use the operator form to study the CYBE (1.1) 
in [27] (even he extended his study to any nonassociative algebra). We would like to point out 
that although the ideas are quite similar (which both are in fact motivated by the study of 
Semonov-Tian-Shansky (|5j)), they are two different approaches. One of the main differences 
is that Xu's approach is the direct generalization of equation (1.5) with a similar form (thus 
the existence of nondegenerate associative symmetric bilinear form and the skew-symmetry is 
necessary for his study on the general nonassociative algebras including Lie algebras) and he 
focused on the trigonometric solutions with a similar form on certain more general algebras, 
whereas our approach are essentially the generalizations of equations (1.5)-(1.7) with ceratin 
"modified" forms for a general Lie algebra without many additional constraints and we paid our 
main attention to the rational solutions with the form (1.4). More comparisons between the two 
approaches are given in the following sections. 

The paper is organized as follows. In Section 2, we interpret the rational solutions of the CYBE 
for the simple complex Lie algebras in term of certain linear operators which motivates us to give 
the notion of O-operators such that these linear operators are the O-operators associated to the 
adjoint representations. Such a study can be generalized to the Lie algebras with nondegenerate 
symmetric invariant bilinear forms. In Section 3, we generalize the Casimir element appearing 
in the rational solutions of the CYBE in Section 2 to a symmetric invariant tensor under the 
action of the adjoint representation, which gives a construction of a rational solution of the 
CYBE from an O-operator associated to the coadjoint representation. In Section 4, we give a 
construction of a rational solution of the CYBE from an O-operator associated to an arbitrary 
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representation with a trivial product in the representation space. In Section 5, we give some 
conclusions and discussion. 



2. An O— operator associated to a rational solution of the CYBE for a Lie 

ALGEBRA WITH A NONDEGENERATE SYMMETRIC INVARIANT BILINEAR FORM 

Let g be a Lie algebra. Let a : g®g — )■ g <g) g be the exchanging operator satisfying a{x (g> y) = 
y (g> x for any x, y E g. For any r = ^ ® bi, we set 

r 21 = <j{r) = ^bi®ai. (2.1) 

i 

A bilinear form B on g is invariant if B satisfies 

B([x,y],z) = B(x,[y,z}), Vx,y,z€g. (2.2) 

We begin our study from the case of g being a simple complex Lie algebra. Let k( , ) be the 
Killing form on g which is the unique nondegenerate symmetric invariant bilinear form on g up 
to a scalar multiplication. Let r be a nondegenerate rational solution of the CYBE (1.1). In 
addition, r usually satisfies the unitary condition: 

r( Ul ,u 2 ) +r 21 (n 2 ,m) = 0. (2.3) 

As in the Introduction, a general form of r is given as 

r(ui,u 2 ) = hr (ui,u 2 ), (2.4) 

Ul — U2 

where t = ^2,&i ® e% is the Casimir element of g, {e^} is an orthonormal basis of g associated to 

i 

the Killing form k( , ) and ro (141,1*2) £ q[ u i] <S> q[u2\- According to Stolin's study in [13], [15] 
and [16], we can set 

K M 

ro{ui,u 2 ) = ^2 ^2 K e i u i P ~ 1 ) ® e « n 2' ( 2 - 5 ) 
i=l p=0 

where /i is a linear operator from g[n _1 ]n _1 to g[u], M,K € N, and dimg = K. Note that Stolin 
has proved that deg M . ro < 1 when g is the simple Lie algebra sl{n). But it is not necessary to 
consider this conclusion because the following study can be generalized to some more general 
Lie algebras. On the other hand, in [27] , the operator form r'(z) related to a solution r{z) of 
the CYBE (1.1) satisfying equation (1.3) is given by 

r(z) = Y,r'{z){e t )®e t , (2.6) 

where {ei\i € 0} is a basis of g, r(z) is a function with domain D C C and range g <S> g, r'(z) € 
End(g). Comparing equations (2.5) and (2.6), we know that the domain of the linear operator ji 
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in equation (2.5) is g[-u _1 ]-u _1 (later we will extend it to be the whole algebra q[u, whereas 
the linear operator r'{z) appearing in equation (2.6) can be regarded as a family of the linear 
transformations on q with the parameter z. In fact, the latter r'(z) gives a kind of trigonometric 
solutions from an identity on e z f[27|). 

Substituting the form (2.5) into the CYBE (1.1), we have 



K M 



= s ^[n(e i u 1 p 1 ),fi(ejU 1 q )] (g> eiU p 2 ® eju\ 

K M 

«J=lP:9=0 
K M 

- £ 5^ fiieiU^ 1 ) <g> eju\ <8> [etui, n^u^' 1 )} 

»J=1 P,Q=0 
i,s=l p=0 

^ U!-U 3 2 

i,s=l p=0 

KM p „ 



V 
t"3 



+ ^^M^/ *) ® fc, e,] (8 e, 2 _ 3 . (2.7) 
Since r satisfies the unitary condition (2.3), we know that 

^2 J f 1 ( e j u i 9 X ) ® e j n 2 + e ^ n i ® l JL ^ e 3 u 2 <?_1 ) = ^' (2-8) 

that is, 

/n(ejti^ 9_1 ) ® ejtig can be replaced by — e j u i ® l i ( e j u 2 Q 1 )- (2-9) 

3,1 3,1 

Furthermore, due to the unitary condition (2.3) again, we know that deg(^(ejU _p_1 )) < M. 
Hence we can let 

M 



KeiU-v- 1 ) = ai{e iU -v- l )u\ (2.10) 

1=0 

where ai is a linear operator from g[« ]u to Q, I = 0, 1, • • ■ , M. Since r is a rational function 

and ro is a polynomial, fx can be defined on the whole g[w _1 ]u _1 by the zero-extension. Set 

ai = 0, when I > M. (2.11) 

We divide the right hand side of the equation (2.7) into four parts 

K M 

[M] = EE W l u- l p - 1 ),,i{e j u^~ 1 )]^ey 2 ®e,ul + {A) + (B) + (C), (2.12) 
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where 

K M 

(A) = E fi(e i u^ p ^ 1 ) [ejU%, jijejU^ g ~ 1 )] e 

i,j=lp,q=0 



J u 3 



+ £ Ek, ® es ® ei< . (2 . 13) 

^ Ui-U 2 

l,S=l p=U 

K M 

(5) = - £ £ M(ei«i P ~ 1 ) 0ej^ [eiU^, /j 1 (e j u^ q ~ 1 )} 

ij=lp,9=0 

( C ) = tf^Mr^ke^e^. (2.15) 
It is easy to know that 

5 ) = -Res M=0 fc(/, 5 ), V /, g € [u, u" 1 ] (2.16) 
is an invariant bilinear form on the Lie algebra g[ii,-u -1 ]. Hence for any / € q[u], we know that 

K oo 

f = J2J2B(f,e i u-^ 1 )e iU P, (2.17) 

i=l p=0 

where there are always finite terms not zero in the above equation. Extend the linear operator 
\x from g[u _1 ]u _1 to g[u, u^ 1 ] by (id is the identity operator) 

/" | B [u]= ( 2 - 18 ) 

Therefore 

M 2M 

^ = E E X)Mei«r n " 1 )®B([e i u n , M (e J -u- 9 - 1 )],e fc u-P- 1 )e fc «5®e J -ul 

i,j,k=l q,n=0 p=0 

KM Ml 

+ £ E^ E E a /+i( e ^r p_1 ) u 'r 9 ] ® ® 

j,s=lp=0 i=0 9=0 
M 2M 

i,j,k=l q,n=0 p=0 
K M M I 

+ E E E E^i -9 ' a *+i( e J v -1 )] ® e i u t ® e i u s 

jj=lp=0 Z=0 9=0 
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K M 2M 

= ^ ^ ^2B(e i u n ,[n(ekU~ q ~ 1 ),e j u~ p ~ 1 ])n(e i u^ n ~ 1 ) <g> e^uf <g> e fe uf 

i,j,k=l q,n=Q p=0 
K M M-l 

+ ^2 ^2 ^2 [ej«r p , ai+iiejU^" 1 )} <g> <g> eju\ 

K M 2M p 

ij=l q=0 p=0 Z=0 
A M M 

- ^ [az(ej^ 9_1 )wi,ei^ p_1 ] <g> e^f <g> e^l 

i,j=l p,<?=0 /=p+l 
A" M 2M 

= ^2^2 ^2 v[K e j u i q ~ 1 ), e i u i p ~ 1 ]® e i u 2® e j u l 

i,j=l q=0 p=M+l 

K M M p 

+ ^2 ^2^2f i [^2 a l( e j u ~ q ~ 1 ) u i^ e i u i P ~ 1 ] ® e^uf <g> e^uf 

i,j=l q=0 p=0 1=0 
K M M 

-^2^2 ^2 l a l( e j u i q ~ 1 ) u ii e i u i P _1 ] ®ZiU P 2 ®ejU q 3 
A M 2M 

= ^2 ^2 ^2 l J 'il J '( e 3 u i q ~ 1 )i e i u i P ~ 1 ] ® ejU^ <S> ejUg. (2-19) 

M=l 9=0 p=0 

Note that for convenience, all the degree parameters can be taken from to 2M (here and in 
the following sections), that is, 

K 2M 

{A) = ^2 ^2 ^[^(^""l" 9-1 )' e i u l P ~ 1 ] ® e i u 2 ® e j U 3- (2.20) 
«J=lp,9=0 

Similarly, 

A 2M 

(.B) = — ^ ^[^(ejU^ -1 ), ejn^ 9_1 ] <g) ejn^ ® ejUg. (2-21) 

Set [ej,e s ] = C^e^, where (and in the following) the repeated (up and down) indices mean 
summation. Then Cf s = C l sk and we have 

K 2M 

(C) = ^2 ^2 K e i u i P ~ Q ~ 2 ) ® [ei,e s ]ul <g> e s ul 

i,s=l p,q=0 
K 2M 

= ^2 ^2 l I ( C is e i u l P ~ q ~ 2 ) ® e kU P 2 ® e s U Q 3 
i,s,k=lp,q=0 
K 2M 

= ^2 ^2 ^[ esU i <? l -> e k u \ P X ] ® Cfcti^ ® e s u|. (2.22) 

s,fc=l p,<?=0 

Therefore, we have the following conclusion. 
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Theorem 1 Let g be a complex simple Lie algebra. Let r be given by the equation (2.4) 
satisfying the unitary condition (2.3). Then r is a nondegenerate solution of the CYBE for g if 
and only if the linear operator fi : q[u, u^ 1 ] — > q[u] C q[u, u~ l ] defining the polynomial ro by the 
equation (2.5) satisfies fi\ 3 [ u ] = —id and 

Mf),Kg)} = vW),9} + vlf,Kg)} + vlf,gl v/^gaK^ 1 ], (2-23) 

K M 

Yj J2(v( e i u i P ~ l ) ® e i u 2 + e i u i ® ^iu^ 1 )) = 0. (2.24) 

In fact, the above conclusion can be implied by an (equivalent) result in [15J given by Stolin 
with a different approach (see Theorem 1.1 and its proof in [15] ) as follows. When g is a 
simple Lie algebra, as a key point of his study, Stolin proved that there is a natural one-to-one 
correspondence between the rational solutions of CYBE in g and the subspaces W C g((u -1 )) 

m 

(where g((u -1 )) = { Yl XiU l \xi G g, certain m G N}) such that 

i=— oo 

(a) W is a subalgebra in g((n~ 1 )) such that W D u^gfki -1 ]] for some TV > 0; 

(b) W®q[u] = q((u- 1 )); 

(c) W is a Lagrangian subspace with respect to the bilinear form B' of g((-u -1 )) given by 

B'(f,g) = -Res u=0 B(f,g), Vf,g G g((« -1 )). (2.25) 

It is straightforward to prove that the linear operator /i given by equation (2.23) (the domain 
can be extended to u _1 g[[ti~ 1 ]] by zero-extension) is exactly the operator satisfying 

B'([f + n(f),g + K9)},h + rih)) = 0, V/^/ieu-^tfu- 1 ]], (2.26) 

which was given by Stolin to decide the corresponding subspace W C g((ti~ x )) satisfying the 
above three conditions by 

W=(l + f x)u- 1 g[[u- 1 }}. (2.27) 

Note that the study of Stolin on the correspondence between the rational solutions of CYBE 
and the subspaces W C g((n -1 )) is valid only for g being a complex simple Lie algebra. 

We call a linear operator /x : g[u, u~ l \ — > q[u, u^ 1 ] satisfying the equation (2.23) an O-operator. 
In fact, in the next section, we will give an exact definition of an 0-operator associated to any 
representation which the notion is due to its similarity with the notion O-operator (1.7) for 
the constant CYBE given by Kupershmidt (|24J. In this sense, equation (2.23) just gives an 
O-operator associated to the adjoint representation. On the other hand, note that equation 
(2.23) is exactly the Rota-Baxter relation of weight —1 in the version of Lie algebras ([18). 
|19j). Obviously, such a notion of an O-operator (the equation (2.23)) can be defined for any 
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Lie algebra. Furthermore, note that in the above study, the nondegenerate symmetric invariant 
bilinear form (the Killing form) on the Lie algebra q plays an essential role. So by a similar 
study, we can extend Theorem 1 as follows (which is a new conclusion to our knowledge). 

Theorem 2 Let q be a Lie algebra with a nondegenerate symmetric invariant bilinear form. 
Let {e,} be an orthonormal basis of q associated to the bilinear form and t = ^ ej <8> &i- Let r 

i 

be given by the equation (2.4) satisfying the unitary condition (2.3). Then r is a nondegenerate 
solution of the CYBE for g if and only if the linear operator n : q[u, u^ 1 ] — > q[u] C q[u, u -1 ] 
defining the polynomial rg by the equation (2.5) is an 0-operator (that is, the equation (2.23) 
holds) satisfying n\ s [ u ] = —id and the equation (2.24). 

Note that when the Lie algebra is simple, we can get all the nondegenerate rational solutions 
satisfying unitary condition (2.3) from the 0-operators as we have interpreted after Theorem 1 
(|llj. [12j.|13|.|14j. [15j.|16j). But it may fail for the general case. In fact, the O-operators for 
the Lie algebras with nondegenerate symmetric invariant bilinear forms are only "sufficient", 
that is, they can only give a kind of the rational solutions of the CYBE (maybe not all!). 

Furthermore, for a Lie algebra with a nondegenerate symmetric invariant bilinear form, Xu 
in [27] gave another kind of operator form (see equation (2.6) for the notations) 

[r'{ Zl + z 2 )(x),r'(z 2 )(y)} = r'{ Zl + z 2 )[x,r'(-z l ){y)} + r'{z 2 )[r'(z 1 )(x),y], Vx,yG , (2.28) 

which is equivalent to the CYBE (1.1) under certain more conditions. Obviously, it is quite 
different with Theorem 2 (also see the comparison the differences between equations (2.5) and 
(2.6) given at the beginning of this section). 

On the other hand, one may think that the above study on the rational solutions of the 
CYBE by introducing the notion of an 0-operator is not very effective since merely the terms 
of the polynomial part tq of r have been concerned. This weakness is rather evident when g is 
taken as a general Lie algebra with a nondegenerate symmetric invariant bilinear form because 
there probably exist other forms of the rational solutions of the CYBE. In fact, it would not be 
difficult to give a definition which covers the whole r by considering how to extend the terms 
with certain poles (see |28j). However, the corresponding operator product expansion would be 
very complicated and it would not be easy to give a further study explicitly since one might be 
entangled with paying more attention to the parameter u. 

At the end of this section, we give a special example of constructing a rational solution of 
the CYBE from an O-operator for the classical double of a Lie bialgebra. Recall that a Lie 
bialgebra structure on a Lie algebra q is a skew-symmetric linear map 5 S : q — > q <S) Q such that 
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: 0* ® 0* 0* is a Lie bracket on g* and 

5([x,y]) = [x <g> 1 + 1 <g> x, <%)] - [y®l + l®y,<y(x)], Vx,yGg. (2.29) 

It is equivalent to a Manin triple (q,q*,B), that is, there is a Lie algebra structure on a direct 
sum g © g* of the underlying vector spaces of g and g* such that g and g* are subalgebras and 
the natural symmetric bilinear form on g © g* : 

B(x + a*,y + b*) = (a*,y) + {x,b*), Vx,y G g,a* ,6* G g* , (2.30) 

is invariant, where (, ) is the ordinary pair between g and g*. The Lie algebra g © g* with the 
bilinear form (2.30) is still a Lie bialgebra which is called a classical double of the Lie bialgebra 
(g, 5g) ([ID])- Let {e±, • • • , e^-} be a basis of g and {e^, • • • , e* K } be its dual basis. Set 

[e i ,e J ] = C*e k , [e*,e*]=rf j e* k . (2.31) 

Then the Lie algebraic structure on the classical double g © g* satisfies 

{e*,e j )=Y,(C%el-T\ k e k ). (2.32) 

k 

and the bilinear form (2.30) is invariant. It is obvious that the bilinear form on (g* © g)^,^" 1 ] 
given by 

B'(f,g) = -Res u=0 B(f,g), \/f,g G (g © 0*)[u,u _1 ] (2.33) 

is invariant, too. Furthermore, let \x : (gffig*)[u, u _1 ] — > (g©g*)[tt] be a linear operator satisfying 
the following conditions: 

(1) \x is an O-operator \i on the Lie algebra (g* © g)[ti,u _1 ], that is, \i satisfies 

W),ri9)]=f*Mf),9} + »[f,ri9)] + »[f,9} V/, 5 G (gffig^K 1 ,^; (2.34) 

( 2 ) Ml(flefl*)M = ~ id '-> 

(3) There exists an L G N such that n{xu~ n ~ l ) = for any n > L and x G g © g*. Moreover, 

K L 
i=l n=0 

(2.35) 

It is easy to know that {^f, i<x is an orthonormal basis of g © g* associated to the 

bilinear form (2.33). Therefore by Theorem 2 with a direct computation, we know that 

r = Y fi® e * + e *i®ei + £ M ( e * ur "-l) g, eiU " + £ ^(e,^™- 1 ) © e ?^] (2.36) 

i=l Ml ^ 2 n=0 n=0 

is a rational solution of the CYBE satisfying the unitary condition for the classical double g © g* . 
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3. Constructing a rational solution of the CYBE from an O-operator: 

COADJOINT REPRESENTATIONS 

We have known that the construction of the rational solutions from the 0-operators satisfying 
the equation (2.23) in Theorem 2 partly depends on the existence of the Casimir element t given 
by the nondegenerate symmetric invariant bilinear form, where we use the key fact that t G 0<S>0 
is invariant under the adjoint representation of a Lie algebra 0, that is, 

[x®l + l®x,t]=0, Vx G g. (3.1) 

Actually, for any symmetric invariant tensor t G <8> 0, it is easy to know that (|10|) 

r(u 1 ,u 2 ) = (3.2) 

U\ - U 2 

satisfies the CYBE (1.1). In fact, it follows from 

bi <S> bj cij ® [6j, a,j] ® bj a,i <g> dj tg> [bi,bj] 



(ill — IlnVlll — (ill — lloVllo — 7/.o^ 



(«i - u 2 )(u 1 - u 3 ) (ui - u 2 )(u 2 - u 3 ) (iti -uz){u 2 -u 3 ) 
-tii <g> [bi,dj] <g> bj a<i <8> [bi,dj] ®bj — a* ® [£>\ aj] <g> V 



4^ (ui - it 2 )(ui - u 3 ) («i -u 2 )(u 2 -us) (ui - u 3 )(u 2 - u 3 ) ' 1 *' ' 
where t = ^ ® &i = ^ 6j <8> a? ■ Note that here there are not any constraint conditions for the 

i i 

Lie algebra itself any more. Therefore it is natural to consider how to construct a rational 
solution of the CYBE with a form (2.4) from certain operators, where t G <S> is symmetric 
invariant under the adjoint representation, as a generalization of the study in Section 2. 

First we give some notations. Let be a (finite-dimensional) Lie algebra. Any t G <8> can 
be regarded as a linear operator from 0* — > by the following way 

(t,a* ®b*) = (t(a*),b*), Va*,6*G0*. (3.4) 

It can be defined from Q*[u, u -1 ] to 0[-u,-u~ 1 ] by (it is still denoted by t) 

t(a* ®u m ) =t(a*)®u m , Va*G0*,mGZ. (3.5) 

On the other hand, let p : q — > gl(V) be a representation. The V[u, u _1 ] is still a representation 
of q[u, u^ 1 ] by (we still denote it by p) 

p{x ® u m ){v ® u n ) = p(x)(v) ®u m+n , Vx G g,v G V,m,n G Z. (3.6) 

Let ad be the adjoint representation of and ad* be the coadjoint representation (the dual 
representation of the adjoint representation), that is, 

ad(x)y =[x,y], (ad*(x)a*, y) = -(a*, [x, y}}, Vx, y G 0, a* G 0*. (3.7) 
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In particular, if t G g <8> g is symmetric invariant under the adjoint representation, then 

t(ad*(x)a*) = [x,t(a*)], VxGg,a*Gg*. (3.8) 
In fact, let t = J2 dj <8> h. Then for any x G g, a*, 6* G g*, we know that 

(t(ad*(x)a*),6*> = (ad*(x)a* ® 6*, t) = ^{-[x, <h], a*){bi, b*) 

= (-(ad(x) <S> l)t, a* <8> 6*) = ((1 <g> ad(x))i, a* ® 6*) 

= -{a* ®&d*(x)b*,t) = -{t(a*),&d*(x)b*) = {[x,t(a*)],b*). (3.9) 

Moreover, since t is symmetric, we have (the left hand side of the equation (3.9)) 

(t(ad*(x)a*),6*> = (ad*(x)a*,t(6*)> = (-[x,t(6*)],o*> = -(ad*(t(6*))o*, x), Vx G g,a*,6* G g*. 

(3.10) 

By the equation (3.9), we know that 

ad*(t(a*))b* + ad*(i(6*)a*) = 0, Va*,6*Gg*. (3.11) 

Theorem 3 Let g be a Lie algebra and t G g ® g be symmetric invariant under the action of 
the adjoint representation. Let {ei, • • • , ex} be a basis of g and {e\, • • • , e* K } be its dual basis. 
Then 



r = + £ £ r ( e i«r n_1 ) ® e ^2 (3.i2) 

i=l n=0 

is a rational solution of the CYBE satisfying the unitary condition (2.3) for g if the linear 
operator T : g*[u, u -1 ] — > g[u] C g[u, u -1 ] satisfies the following conditions: 

[T(f),T(g)] = T( a d*(T(f))g-ad*(T(g))f -ad* (%))/), V/, 5 € g>, u" 1 ]; (3.13) 

X L A" L 

2 J] T(eX n_1 ) ® + E E ® ^ V" 1 ) = 0; (3.14) 

i=l n=0 i=l n=0 

T(a*u p ) = -t(a*)u p , Va*Gg*;p>0. (3.15) 

In fact, let t = t^ei^ej G g <S> g. Then t(e*) = t^ej. Obviously, by the equations (3.8), (3.11) 
and (3.15), for any / G g[u] or g G g{u], the equation (3.13) holds automatically. With a similar 
study as in Section 2, after substituting the equation (3.12) into the CYBE (1.1), we can divide 
[[r, r]] into four parts 

K 2L 

[M] = E E [T(e*u^ 1 ),T(e*u-^ 1 )}0e l u p 2 ^e 3 ul + (A) + (B) + (C), (3.16) 
»,j'=ip,?=o 



where 
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if 2L 

{A) = J2T, T ^i P ~ 1 ^^< T ^ e >2 q ~ 1 )}^e j u q 3 

»,j=lp,?=0 

- E i: ^^^^? 1 1^ 7 ^ , t(e*)] ® e 3 ® e iU l; (3.17) 

JJ=1 p=0 

if 2L 

ij=lp>?=0 

+ £ ^[ V 1 ) ~ , t(e *)] e ^P e .. (3.18) 



«1-It3 
« j=l p=0 

if 2L 



P P 

Un — U 



. , n U 2 — ^3 

« j=l p=0 

Let £>' be the bilinear form on the vector space (q* ©g^i^iT" 1 ] given by the equation (2.28). By 
the equation (3.14), we know that deglmT < L, where ImT is the image of the linear operator 
T. So we can set 

L 

T{e*u- n - 1 ) = Y J *i{e*u- n - 1 )u\ (3.20) 

1=0 

where a\ is a linear operator from 0*[u _1 ]u _1 to fj, I = 0, 1, ■ ■ ■ , L. Let cti = when I > L. So 

if 2L 

( A ) = EE r( e *^- 1 )®fi'(e^,ad*(T( e >- 9 - 1 ))(e^ 2 -"" 1 ))^®e^l 

i,j,fe=lp,g,n=0 

X 2L 2L-1 

+ E E woe 1 - E «i + i(ex ff " 1 )«i +1 ] ® ® ^ 

i,j=ln,q=0 l=n 
K 2L n 

= E E ne,V P " 1 )^(e<^,ad*(^aKe>r , " 1 )«i)(efc«r n " 1 ))®e fc «5<8)e j 

i,j,fc=lp,(/,n=0 Z=0 
if 2L 2L-1 

+ EE [*(c< )«r n_1 . E ai+i(eX 9 " Vi +1 ] ® e ^2 ^ 

j,jr'=l n,<j=0 Z=n 
if 2L n 

= E E T (^^E a '( e K 9 " 1 )«i)(<«r B " 1 ))®e i «5®e i t4 

j,jr'=l n,q=0 i=0 

if 2L 2L-1 

+ E E [*«K n_ \ E "W^i'K 1 ] ® (8 e, 

j,jr'=l n,g=0 l=n 
if 2L 

= ^ T(ad*r(e*n^ 1 )(e*n7 n - 1 ))®e^®e i ^. (3.21) 

i,j=l n,q=0 



^' U 3 
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Note that in the last equation, we use the equations (3.8) and (3.15). By the equation (3.14) 
and a similar study as above, we know that 

K 2L 

(B) = " E E r(ad*T(e>^~ 1 )(e>r n " 1 )) ® ^ ® e jU %. (3.22) 

i,j=ln,q=0 

Set [ei,ej] = C^ek- Then 

K 2L 

i=l p,q=0 
K 2L 

= - ^ J] T(ad*(t(eX P " 1 ))e>r ? " 1 )®e i «2®eX (3.23) 
»,j'=ip,?=o 

Therefore r given by the equation (3.12) is a solution of the CYBE if the equations (3.13)-(3.15) 
hold. □ 
Example We give a concrete example of Theorem 3 as follows. Let f) be the 3-dimensional 
Heisenberg Lie algebra. That is, there exists a basis {ei,e 2 ,e 3 } of f) satisfying 

[ei,e 2 ] = e 3 , [ei,e 3 ] = [e 2 ,e 3 ] = 0. (3.24) 

Let {ef , e 2 , e 3 } be the dual basis. The coadjoint representation ad* is given as (only the non-zero 
actions are given) 

ad*(ei)e 3 = -e* 2 , ad*(e 2 )e 3 = e*. (3.25) 

Since e 3 is in the center of f}, t = e 3 <g>e 3 is invariant under the action of the adjoint representation 
of f}. Then 

t(el) = 0, t(e* 2 ) = 0,t(e* 3 ) = e 3 . (3.26) 

So &d*(t(a*))b* = for any a*,b* € f)*. Moreover, let T Ali A 2 : -> be a linear 

operator satisfying (only the non-zero actions are given) 

T{e%u- 2 ) = -(Aid + \ 2 e 2 ),T(e* 1 u- 1 ) = Aie 3 n, T(e^~ 1 ) = X 2 e 3 u; T(e%vP) = -e 3 u p , Vp > 0, 

(3.27) 

where Ai, X 2 G C. It is easy to know that T\ 1: \ 2 satisfies the equations (3.13)-(3.15). So 

63 6-3 

r(u\,u 2 ) = h e 3 <8> (Aiei + A 2 e 2 )ui - (Aiei + A 2 e 2 ) <g> e 3 u 2 (3.28) 

U\ — U2 

is a rational solution of the CYBE satisfying the unitary condition (2.3) for the Lie algebra 
rj. Although the solution (3.28) seems a little trivial (all the commutators of r are zero), it is 
enough to illustrate the essential roles of the O-operators here. Moreover, it is easy to know 
that the above construction can be generalized to any Lie algebra with a nonzero center. □ 
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Furthermore, in fact, the above construction can be regarded as a natural generalization of 
Theorem 2 in the following sense. Let g be a Lie algebra with a nondegenerate symmetric 
invariant bilinear form B. Let {ei, • • • , ex} be an orthonormal basis of g and {e\, • • • , e* K } be 
its dual basis. Let t = ^ <8> ej be the Casimir element of g. Then as a linear operator from g* 

i 

to g, t satisfies t(e*) = = 1, ••• , if. Then as the representations of g, g* can be identified 
with g by the linear isomorphism t in the following sense 

(a*,x) = B{t{a*),x), i(ad*(z)a*) = [x,t(a*)], VxGg,a*Gg*. (3.29) 

Therefore, we can get Theorem 2 from Theorem 3 from the following correspondence: 

equation (3.14) equation (2.24); 

equation (3.13) equation (2.23); 

equation (3.15) p\ s \ u ] = 
In particular, the equation (3.13) which is in fact well-defined on g*[it _1 ]u _1 with a consistent 
extension (3.15) to Q*[u] can be regarded as a generalization of the O-operator given by the 
equation (2.23) which is also well-defined on g[u _1 ]u _1 with a consistent extension fJ>\ 6 \ u ] = —id 
to q[u]. Note that by the equation (3.11) or by skew-symmetry of the Lie bracket (3.13), 

ad* (t(f))g + ad* (t(g)) f = 0, V/, g € g>, iT 1 ]. (3.30) 

Therefore, the above facts motivate us to give a more general definition of an O-operator which 
is related to the rational solutions of the CYBE with the form (2.4) (|24J): 

Definition Let g be a Lie algebra and p : g — > gl(V) be a representation of g. Suppose 
that there exists a skew-symmetric (bilinear) product * on the vector space V which gives a 
skew-symmetric bilinear product on F[u,u _1 ] naturally by 

{x®u m )*(y(g)u n ) = (x*y)®u m+n , Vx, y G V, m, n G Z. (3.31) 

A linear map T : y[u _1 ]n _1 — > g[u] C q[u, with a suitable extension to V[u] is called an 
O-operator associated to (p, V, *) if T satisfies 

[T(f),T(g)} = T(p(T(f))g - p(T(g))f + f * g),Vf,g G V[u, u' 1 ]. (3.32) 

Obviously, in the above sense, the equation (2.23) (with p\ g [ u ] = —id) in Theorems 1 and 2 
gives an O-operator associated to the adjoint representation while the equation (3.13) (with the 
equation (3.15)) in Theorem 3 gives an O-operator associated to the coadjoint representation. 
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4. Constructing a rational solution of the CYBE from an 0-operator: general 

CASES 

Not like the study on the construction of the constant solutions of the CYBE from 0-operators 
in [26], it is not easy to given an explicit construction of a rational solution of the CYBE from 
an O-operator for a general representation (p, V) and an arbitrary (skew-symmetric bilinear) 
product * on V. In this section, we consider the case that (p, V) is still arbitrary but the product 
* on V is trivial. Similar to the study given in [26], the rational solutions (from the following 
construction) of the CYBE from such O-operators are not for the Lie algebra g itself but for a 
larger Lie algebra. 

Let g still be a Lie algebra and p : g — >• gl(V) be a representation of g. It is known that there 
is a Lie algebra structure on a direct sum g © V of the underlying vector spaces g and V given 
by 

[ei +xi,e 2 + x 2 ] = [ei,e 2 ] + p(e±)(x 2 ) -p(e 2 )(»i), Vei,e 2 G Q,xi,x 2 G V. (4.1) 

It is denoted by g x p V. On the other hand, let p* : g — > gl(V*) be the dual representation of 
(p, V) of the Lie algebra g, that is, 

(p* (e)x* ,y) = -{x*, p{e)y) , Ve G g, x* G , y G V. (4.2) 

Then both V and V* can be the representations of the Lie algebra Qt<p*V* by the zero-extension, 
that is (we still denote them by p and p* respectively), 

p(e + x*)y = p(e)y; p*(e + x*)z* = p*(e)z*, Ve G g, x* , z* G V* , y G V. (4.3) 

Moreover, by the equation (3.6), both V[u, u^ 1 ] and V*[u, u" 1 ] are the representations of the 
Lie algebra g x p * V*[u,u~ 1 ]. 

Theorem 4 Let g be a Lie algebra and p : g — > ffZ(T^) be a representation of g. Let t G 
1/*®!/* be symmetric invariant under the action of the dual representation p*. Let {wi, • • • , wn} 
be a basis of V and • • • , w^} be its dual basis. Then 

N L N L 

' + E E nmuT*- 1 ) w*u k 2 -EE w >" ® fc_1 ) (4-4) 



Ui — U2 

i=l fe=0 i=l fc=0 

is a rational solution of the CYBE satisfying the unitary condition (2.3) for the Lie algebra 
g K p » V* if the linear operator T : V[u,vT l \ — > (g x p » V*)[u] with deglmT < L satisfies the 
following conditions: 

[T(f),T(g)] = T(p(T(f))g - p(T(g))f),Vf, g G V[u, vT 1 ]; (4.5) 
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TiViu- 1 }^ 1 ) C g[u], T(wu p ) = -t(w)u p , VweV,p>0. (4.6) 

In fact, let t = t lj w* <8> Wj G V* <£> V*. Then t(wi) = t lj w*. Moreover, since t is symmetric 
invariant under the action of the dual representation p* , we know that 

t(p(e)w) = p*(e)t(w), Ve€ ,wey, (4.7) 

by replacing ad* by p in the equation (3.9). Obviously, by the equations (4.6) and (4.7), for any 
/ £ V[u] or g € V[u], the equation (4.5) holds automatically. Let B 1 be the bilinear form on the 
vector space (V* © V)[u, u~ l ] given by the equation (2.28). On the other hand, as in the above 
section, from deglmT < L, we can set 

L 

Tiwiu-x- 1 ) = miwiW^u 1 , (4.8) 

1=0 

where a\ is a linear operator from Vfu -1 ]^ 1 to Q, I = 0, 1, ■ ■ ■ , L. Let a,\ = when I > L. 
Substituting the equation (4.4) into the CYBE (1.1), we know that 

l[r,r]] = (A) + (B) + (C), (4.9) 

where 



9 
i u 3 



N 2L 

i,j=l n,q=0 
N 2L 

ij'=lp,5=0 

A ^ T(w i n 1 " p ~ 1 ) -T(wiU2 P_1 ) „ * p 

- 2^ /J ^~T^ .H^)] ® w j ® w i n 3 

i ,j=l p=0 
N 2L 

EE n^rO ® ® 

»J=lp,3=0 

; v 3 (4.io) 

ij=ip=o Ul U3 

AT 2L 
N 2L 

EE ^M^iW" 1 ).^-^" 1 )]®^ 

i,j=ip,q=o 

N 2L 

E E ^or^^op^r^ 9 - 1 ))^) 
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sr^fT^WiU^ )-T{wiU 2 F ) * p 

- 2^ zJ T^T 2 ' ™ ® W i ® w i u % 

i,j=lp=0 ' 
" ^ « g [T{ Wl u-v- 1 ) - T( Wl u- p - l ),t( Wj )] g uj 

AT 2L 

»,j=lp,9=0 
W 2L 

+ E E « ® p*(r( Wi «2 ® t(^v _1 ) 

«J=lp,<2=0 
AT 2L 

i,j=lp,q=0 

+ £ » n<-')-T(i^-> w 8 ro> p s 

i,j=lp=0 ^ ^ 

* ^ W *< g [T^g^j ~ ^(^3 P " 1 ), g ™j (412) 

ij=l p=0 

We can divide (A) given by the equation (4.10) into three parts: 

N 2L 

W = E E [3 , K«T n " 1 ) I 3 , («'i V 1 )] ® <«2 ® ™>1 + (Ai) + (A 2 ), (4.13) 

i ,j=l n,<?=0 

where 

AT 2L 
i,j=lp,?=0 

- E fi ^gQ : f"-^"> , t(Wj)1 a m . 9 w .„p ; (4 . 14) 

i,j=l p=0 
AT 2L 

«j=ip,?=o 



T(w i u 1 p )-T(wiU 3 

i,j=l p=0 

Moreover, 



+ E Et - _ M ® *4 (4-15) 



AT 2L n 

ij',fc=lp,q,n=0 /=0 
Af 2L 2L-1 

+ E E [*K)«r n_1 . E «!+iK^i r Vi +1 ]®»*«2®»>? 

i,j=l n,q=0 l=n 



* q 
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N 2L n 

= E E T (p(E «^V" ViX^r -1 )) ® <^ ® «>m 

j,jr'=l n,q=0 /=0 

Af 2L 2L-1 

+ E E [^ov -1 . E ai+i(vi rl )«l +1 ]®<«2®«>3 

i,J=l n,g=0 /=n 
N 2L 

= E E r (p( r KV~ 1 ))(«'i«r n ~ 1 )) ® < «5 ® «>x (4.16) 

i,j=l n,q=0 

Note that in the last equation, we use the equations (4.6) and (4.7). Similarly, we have 

N 2L 

w = - E E np(n^r v* -1 )) ® ™>i ® ^x. (4.17) 

i,j=l n,g=0 

Therefore 

N 2L 

-T^T^up" 1 ))^! ® ® wju'. (4.18) 

With a similar discussion as above, we know that 

N 2L 

[M] = E Ei^^v'-^^KV^^+np^K^^ 1 ))^"" 1 )) 



«J=1 n,q=0 



-T(p(T(w i u^ n - 1 ))(w jU - q - 1 ))} ® u>>£ (8) u£u? 



u j "3 
Af 2L 

-E E ^<®{[TKV" 1 ).n^«r 1 )]+^(/'(2 i K«2 , " 1 ))K«2 n " 1 )) 

jj'=ln,g=0 
N 2L 

+ E E ^^^^^{[rKui-"- 1 ),^^- 1 )] 

i,j=l n,q=0 

+T(p(T(w J u~' 1 - 1 ))(w l n^- 1 )) - T(p(T(w l U3 n - 1 ))(w J u-' 1 - 1 ))}. (4.19) 

Therefore r given by the equation (4.4) is a solution of the CYBE if the equations (4.5)-(4.6) 
hold. Obviously, r satisfies the unitary condition (2.3). □ 

Note that in the equation (4.4), t is taken in the vector space V* <g>V* C (g x p * V*) <8> (g x p * V*) 
which there is not any part in g. Otherwise, it would involve the actions between the Lie algebra 
g itself which might be very complicated and a little far away from the equation (4.5) defining 
the O-operator associated to any arbitrary representation (in fact, it might involve the coadjoint 
representation as given in Section 3). 

At the end of this section, we consider two special cases and then compare them with the 
relative study in Section 2 and Section 3 respectively. 
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(Case I) The representation p is taken as the adjoint representation ad. Then by Theorem 
4, we can get a rational solution of the CYBE with the form (4.4) for the Lie algebra q x a d* 0*, 
where t £ q* <g> q* and the linear operator T is from q[u, u^ 1 ] to g x a( j* 0*[w]. On the other 
hand, it is known ([TO]) that g K ad * g* is the classical double of the trivial Lie bialgebra structure 
(that is, 5 g = 0) on the Lie algebra g. Therefore by the study at the end of section 2, there is 
another (completely different) rational solution of the CYBE with the form (2.31) for the same 
Lie algebra g K ad * g*, where t € (g K a( j* 0*) <8> (g tx a( j* g*) and T — p is a linear operator from 

Xad* 0*K" _1 ] tO g K ad » Q*[u]. 

(Case II) The representation p is taken as the coadjoint representation ad*. Then by Theo- 
rem 4, we can get a rational solution of the CYBE with the form (4.4) for the Lie algebra g K a d0, 
where t € 0®0 and the linear operator T is from 0*[u,u~ 1 ] to g x a dflM- Ln particular, r(u\,U2) 
given by the equation (4.4) in this case is in the vector space q[u\] <S) q[u2\- Despite it, this 
r(u\,U2) is not a rational solution of the CYBE for the Lie algebra g itself which only involves 
the adjoint action in general. In fact, although the forms of t and T(wiU^ k ~ 1 ) w*U2 involve 
the vector space g <g> g, they actually involve the vector space (0,g) <8> (0, g) and (g,0) (8 (0, g) 
respectively. However, the commutators (zero) between (0, g) and (0, g) are different with the 
commutators (adjoint action) between (g,0) and (g,0) or (g,0) and (0,g). Nevertheless, by the 
proof of Theorems 3 and 4, we can prove that if T : Q*[u, u~ x ] — > g[u] satisfies equation (3.15), 
the unitary condition (3.14) and 

[T(f),T(g)\ =T(ad*(T(/)) 5 -ad*(T(<7))/), V/, g G q*[vT\ u], (4.20) 

and 

ad*(t(g))f = 0, V/,0€flW], (4.21) 

then 

2t - L 

r = + 2 E E n^- 1 ) ® e lU k 2 , (4.22) 

is a rational solution of the CYBE for the Lie algebra g, which coincides with the construction 
from Theorem 3 under the condition (4.21) since r is a solution of the CYBE if and only if 2r 
is a solution of the CYBE. 



5. Conclusions and discussion 
From the study in the previous sections, we give the following conclusions and discussion. 
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(1) The rational solutions of the CYBE for the complex simple Lie algebras are interpreted 
in terms of the O-operators (associated to the adjoint representations). Furthermore, the O- 
operators (associated to the suitable representations) can be used to construct explicitly the 
rational solutions for a Lie algebras with a nondegenerate symmetric invariant bilinear form 
(adjoint representation), a Lie algebra with a symmetric invariant tensor under the action of 
the adjoint representation (coadjoint representation), a semidirect sum of a Lie algebra and the 
dual representation of its representation with a symmetric invariant tensor under the action of 
the dual representation (an arbitrary representation). All of the solutions have a uniform form 
as 

r(ui,u 2 ) = hr (ui,u 2 ), (5.1) 

U\ — U2 

where t is the symmetric invariant tensor and rg is a polynomial defined by an O-operator. 
We call the equation (5.1) a Drinfeld form ([13j,[29]). Note that in the above construction the 
existence of a symmetric invariant tensor t is necessary and it plays an essential role in the 
concrete definition of an O-operator defining the polynomial ro- 

(2) Comparing with the study of the operator approach to the constant CYBE ([26]), we find 
that, roughly speaking, there are the following "correspondence": 

adjoint representation : equation (2.23) < — > equation (1.5) (Semonov-Tian-Shansky) 
coadjoint representation : equation (3.13) < — > equation (1.6) (Kupershmidt) 
an arbitrary representation : equation (4.5) < — > equation (1.7) (Kupershmidt and [14]) 

However, the "correspondence" is in a "rough" level, since not like in the study of the constant 
CYBE that the construction from the O-operators by the equations (1.5) and (1.6) can be 
obtained through the uniform construction from O-operators by the equation (1.7) as the special 
cases ([26]), the construction from O-operators by the equations (2.23) and (3.13) are usually 
quite different with the construction from O-operators by the equation (4.5) in the corresponding 
cases (see the discussion at the end of section 4). In fact, it is due to the inhomogeneous term 
T(/ * g) appearing in the definition (3.32) which is closely related to the symmetric invariant 
tensor t. 

(3) The form of the equation (2.23) with the inhomogeneous term /i[f, g] which gives an O- 
operator associated to the adjoint representation corresponds precisely to the linear operator 
R' '■ — > Q in the constant case satisfying 

[R'(x),R'(y)}=R'([R'(x),y} + [x,R'(y)})+R'[x,y], Vx,yG . (5.2) 
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The above equation is exactly the Rota-Baxter relation of weight —1 in the version of Lie algebras 
(|18j. [15]). By letting R' = 1 — 2R, the equation (5.2) is equivalent to the operator form ([5]) 

[R(x),R(y)]=R([R(x),y} + [x,R(y)})-[x,y], Vx,yS 5 (5.3) 

of the (constant) modified classical Yang-Baxter equation (MCYBE, [10]) satisfying 

[[r, r]] is invariant under the adjoint action. (5-4) 

Moreover, the product [ , ]i given by 

[x,y] 1 = [R'(x),y} + [x,R'(y)] + [x,y], Vx,yGg (5.5) 

defines a Lie algebra and R' is a homomorphism between two Lie algebras. On the other hand, 
for the equation (2.23), if we define 

fog=[fi(f),g] + l/2[f,g], Vf,g e g[n,n _1 ], (5.6) 

then (g[n, n _1 ],o) is a Lie-admissible algebra satisfying that 

[f,9]i = f°g-gof = W),g} + fx[f,ri9)} + [f,g], V/, 5 e q[u,vt\ (5.7) 

defines a Lie algebra and /z is a homomorphism of Lie algebras. 

(4) As we have already pointed out in Section 2, besides the complex simple Lie algebras, 
the construction from O-operators in this paper may not give all the rational solutions of the 
CYBE. What we have done in this paper is just an effort to provide certain helpful ideas to 
construct the solutions of the CYBE with parameters for the general Lie algebras which is still 
an open question. 

(5) It is natural to consider the corresponding Lie bialgebra structures from the rational 
solutions (5.1) of the CYBE constructing from the O-operators through 

5(f)(u, v) = [f(u) 1 + 10 f(v),r(u, v)], V/ e g[u, if 1 ]. (5.8) 

It is also natural and important to consider the quantization of these Lie bialgebra structures. 

Acknowledgments 

This work was supported in part by the National Natural Science Foundation of China 
(10571091, 10621101), NKBRPC (2006CB805905), SRFDP (200800550015), Program for New 
Century Excellent Talents in University. Part of this work was done while the second author 
was visiting Korea Institute for Advanced Study (KIAS). He would like to thank KIAS and his 
host Dr. Dafeng Zuo for the hospitality and the valuable discussions. 



AN OPERATOR APPROACH TO THE RATIONAL SOLUTIONS OF THE CYBE 



23 



References 

[1] L.D. Faddeev, L. Takhtajan, The quantum inverse scattering method of the inverse problem and the 

Heisenberg XYZ model, Russ. Math. Surv. 34 (1979) 11-68. 
[2] L.D. Faddeev, L. Takhtajan, Hamiltoman methods in the theory of solitons, Springer, Berlin (1987). 
[3] A. A. Belavin, Dynamical symmetry of integrable quantum systems, Nucl. Phys. B 180 (1981) 189-200. 
[4] I.M. Gelfand, I. Ya Dorfman, Hamiltonian operators and the classical Yang-Baxter equation, Funct. 

Anal. Appl. 15 (1982) 173-181. 
[5] M.A. Semonov-Tian-Shansky, What is a classical r-matrix? Funct. Anal. Appl 17 (1983) 259-272. 
[6] M.A. Semonov-Tian-Shansky, Classical r-matrices and quantization, J. Soviet Math. 31 (1984) 3411- 

3416. 

[7] M.A. Semonov-Tian-Shansky, Dressing transformations and Poisson-Lie group actions, publ. Res. Inst. 

Math. Sci. 21 (1985) 1237-1260. 
[8] M.A. Semonov-Tian-Shansky, Quantum and classical integrable systems, Lect. Not. Phys. 495, Springer- 

Verlag, Berlin (1997), 314-377. 
[9] T. Skrypnyk, Generalized Gaudin spin chains, nonskew symmetric r-matrix and reflection equation al- 
gebras, J. Math. Phys 48 (2007) 113521. 
[10] V. Chari, A. Pressley, A guide to quantum groups, Cambridge University Press, Cambridge (1994). 
[11] A. A. Belavin, V.G. Drinfel'd, Solutions of claasical Yang-Baxter equation for simple Lie algebras, Funct. 

Anal. Appl. 16 (1982) 159-180. 
[12] A. A. Belavin, V.G. Drinfel'd, Claasical Young-Baxter (sic) equation for simple Lie algebras, Funct. Anal. 
Appl. 17 (1984) 220-221. 

[13] V. Drinfel'd, Hamiltonian structure on the Lie groups, Lie bialgebras and the geometric sense of the 

classical Yang-Baxter equations, Soviet Math. Dokl. 27 (1983) 68-71. 
[14] A. Stolin, On rational solutions of the clssical Yang-Baxter equation, Thesis, Matematiska Institutionen, 

Stockholms Universitet (1991). 
[15] A. Stolin, On rational solutions of Yang-Baxter equation for si (n), Math. Scand. 69 (1991) 57-80. 
[16] A. Stolin, Constant solutions of Yang-Baxter equation for sl(2) and sl(3), Math. Scand. 69 (1991) 81-88. 
[17] M. Aguiar, Pre-Poisson algebras, Lett. Math. Phys. 54 (2000) 263-277. 

[18] K. Ebrahimi-Fard, Loday-type algebras and the Rota-Baxter relation, Lett. Math. Phys. 61 (2002) 139- 
147. 

[19] K. Ebrahimi-Fard, L. Guo, D.Kreimer, Integrable renormalization 1: The ladder case, J. Math. Phys, 45 
(2004) 3758-3769. 

[20] G. Baxter, An analytic problem whose solution follows from a simple algebraic identity, Pacific J. Math. 
10 (1960) 731-742. 

[21] G.-C. Rota, Baxter algebras and combinatorial identities I, Bull. Amer. Math. Soc. 75 (1969) 325-329. 
[22] G.-C. Rota, Baxter algebras and combinatorial identities II, Bull. Amer. Math. Soc. 75 (1969) 330-334. 
[23] H.H. An, CM. Bai, From Rota-Baxter algebras to pre-Lie algebras, J. Phy. A: Math. Theor. (2008) 
015201. 

[24] B.A. Kupershmidt, What a classical r-matrix really is, J. Nonlinear Math. Phy. 6 (1999) 448-488. 

[25] M. Bordemann, Generalized Lax pairs, the modified classical Yang-Baxter equation, and affine geometry 

of Lie groups, Comm. Math. Phys. 135 (1990) 201-216. 
[26] CM. Bai, A unified algebraic approach to classical Yang-Baxter equation, J. Phy. A: Math. Theor. 40 

(2007) 11073-11082. 

[27] X. Xu, An Analogue of the Classical Yang-Baxter equation for general algebraic structures, Mh. Math. 
119 (1995) 327-346. 

[28] J. Lepowsky, H.S. Li, Introdution to vertex operator algebras and their representations, Birkhauser, 
Boston (2004). 

[29] V.G. Drinfel'd, On constant quasiclassical solutions of the quantum Yang-Baxter equation, Soviet Math. 
Dokl. 28 (1983) 667-671. 

Chern Institute of Mathematics & LPMC, Nankai University, Tianjin 300071, P.R. China 
E-mail address: qiangifang@mail.nankai.edu.cn 

Chern Institute of Mathematics & LPMC, Nankai University, Tianjin 300071, P.R. China 
E-mail address: baicm@nankai.edu.cn 



